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Summary:
The study of racial/ethnic inequalities in health is important to reduce the uneven burden
of disease. In the case of colorectal cancer (CRC), disparities in survival among non-Hispanic
Whites and Blacks are well documented, and mechanisms leading to these disparities need
to be studied formally. It has also been established that body mass index (BMI) is a
risk factor for developing CRC, and recent literature shows BMI at diagnosis of CRC is
associated with survival. Since BMI varies by racial/ethnic group, a question that arises
is whether disparities in BMI is partially responsible for observed racial/ethnic disparities
in CRC survival. This paper presents new methodology to quantify the impact of the
hypothetical intervention that matches the BMI distribution in the Black population to a
potentially complex distributional form observed in the White population on racial/ethnic
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disparities in survival. We perform a simulation that shows our proposed Bayesian density
regression approach performs as well as or better than current methodology allowing for a
shift in the mean of the distribution only, and that standard practice of categorizing BMI
leads to large biases. When applied to motivating data from the Cancer Care Outcomes
Research and Surveillance (CanCORS) Consortium, our approach suggests the proposed
intervention is potentially beneficial for elderly and low income Black patients, yet harmful
for young and high income Black populations.
Key words: Accelerated failure time model; Cancer health disparities; Causal inference;
Dependent Dirichlet process; Nonparametric Bayesian; Stochastic Interventions.
1 Introduction
Differences in cancer survival among racial/ethnic groups are well documented (Ameri-
can Cancer Society, 2016). Considering the case of colorectal cancer (CRC), disparities in
survival between non-Hispanic Blacks and non-Hispanic-Whites in the United States (U.S.)
manifested in the 1980s and have widened over time (DeLancey et al., 2008; Siegel et al.,
2014). Since in the U.S. CRC is the third most commonly diagnosed cancer in men and
women, and the third most common cause of cancer-related death (American Cancer Soci-
ety, 2016; Ferlay et al., 2013), it is important to formally study the mechanisms that are
causing Black-White disparities in survival to reduce the unfair, unjust, and preventable
uneven burden of cancer (Krieger, 2005).
It has been well established that body mass index (BMI), as defined by weight in kilo-
grams divided by height in meters squared, is a risk factor for developing CRC. Recent
literature has reported effects of BMI pre-, at-, or post-diagnosis on CRC survival. It has
been hypothesized that higher BMI is associated with worse CRC prognosis, however, nu-
merous studies have shown that the relationship is more complicated (Kroenke et al., 2016;
Kocarnik et al., 2016). Some studies have observed better survival in overweight or class I
obese patients compared to normal weight patients. Since this paradox could result from
sample selection bias, reverse causality, and/or collider bias, employing causal methodology
to study the relationship between race, BMI, and CRC survival is important.
The determinants of disparities in survival for CRC patients are multifactorial. As dif-
ferences in the distributions of BMI across racial/ethnic groups are well documented (Ogden
et al., 2006; Wang and Beydoun, 2007), and the effect of race/ethnicity on BMI has been
shown to be complex (Wang and Beydoun, 2007), we propose a causal inference approach
based on the theory of counterfactuals (Rubin, 1974) to quantify the percentage of disparity
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in survival that could be reduced had Black-White disparities in BMI been eliminated in
CRC patients. This framework has not been used to estimate the impact of a shift in the
entire distribution of a continuous intermediate variable along the race-survival pathway.
Using the definition of non-manipulable race as proposed by VanderWeele and Robinson
(VanderWeele and Robinson, 2014), we consider a stochastic intervention on BMI to deter-
mine how BMI contributes to disparities in Black-White survival among CRC patients. The
implication for understanding the relationship between race and BMI on survival is needed in
order to inform clinical recommendations for patients upon diagnosis of CRC, and ultimately
to reduce disparity in CRC survival.
Since the relationship between race and BMI on CRC survival is complex in that the
Black-White disparity differs across the range of BMI, a simple linear model may not appro-
priately capture the residual disparity after a hypothetical intervention in BMI. If categories
of BMI representing normal-, over-weight, class I and class II/III obese individuals are made,
then one can implement methodology for categorical intermediate variables (Valeri et al.,
2016; Valeri and Coull, 2016). This methodology estimates the impact of a hypothetical
intervention in each covariate stratum that matches the probability of being in each BMI
category for Blacks to that observed in Whites. However, we wish to place no restriction on
the distribution of BMI and allow for a shift in the entirety of the Black BMI distribution
to match a potentially complex distributional form of BMI observed in the White popula-
tion, not just allowing for a shift in mean BMI or BMI categories. In order to implement a
shift in the entire distribution of BMI, we consider density regression to estimate the BMI
distribution. While mediation methods based on quantile regression have been proposed as
an approach to move beyond shifts in the mean (Bind et al., 2017; Imai et al., 2010; Shen
et al., 2014), the approach we take here incorporates changes in the full distribution, not
only a shift in a particular quantile.
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To our knowledge, no methods exist to estimate the causal effects of a hypothetical
distributional-level intervention of a continuous intermediate variable in the context of es-
timating racial/ethnic disparities in survival. As BMI is a ratio of two Gaussian random
variables and therefore not itself normally distributed (Anderson and Arnold, 1991; Penman
and Johnson, 2006; Lin et al., 2007; Miljkovic et al., 2017), we propose a Bayesian Linear
Dependent Dirichlet Process (LDDP) model to nonparametrically estimate densities of BMI
for each covariate stratum. We couple the LDDP model with a parametric accelerated failure
time model for CRC survival to estimate the effect of this intervention. We use data from
the Cancer Care Outcomes Research and Surveillance (CanCORS) Consortium to answer
these questions. As shown in Figure 1, we observe a difference in the marginal distributions
of Black and White BMI in CanCORS that is best characterized by a shift in the entire
distribution, not a location shift. This dataset contains numerous individual-level variables
not typically found in cancer registries and a high percentage of non-Hispanic Black CRC
patients.
2 Model
In order to quantify the impact of a distributional shift of Black BMI to that observed in the
White population, we first need to estimate the White BMI density. To nonparametrically
estimate the density of White BMI by covariate pattern, and borrow strength across data
with different predictor values, we consider the linear dependent Dirichlet Process (LDDP)
mixture model (1) (De Iorio et al., 2004, 2009; Jara et al., 2010)
mi|Gxi ind.∼
∫
N
(
mi|µ, σ2
)
dGxi(µ, σ
2), (1)
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where mi represents BMI for subject i, xi = (1, Ri,Ci) are the covariates in the model, and
Gx is a LDDP with trajectories of the form:
Gx(·) =
∞∑
j=1
{
Vj
∏
l<j
(1− Vl)
}
δθj(x)(·),
where Vj | α i.i.d.∼ Beta(1, α), δθl(·) is the Dirac measure at θl, θj(x) = (xTβj, σ2j ), and
(βj, σj) | G0 i.i.d.∼ G0. An important aspect of the LDDP mixture model is that it can be
seen as a Dirichlet Process (DP) mixture of linear regression models of the form:
mi|G ind.∼
∫
N
(
mi|xTi β, σ2
)
dG(β, σ2), (2)
G|α,G0 ∼ DP (αG0).
This is a type of dependent Dirichlet Process (DDP), in which an uncountable set of DPs
are created and dependence is introduced by modifying the stick-breaking representation
of Sethuraman (1994). A LDDP model has the specific restriction that the component of
the atoms defining the location follows a linear regression model θj(x) = (x
Tβj, σ
2
j ). We
complete the model specification by assuming the following centering distribution G0 ≡
Np(β|µb,Sb)Γ(σ−2|τ1/2, τ2/2), and the following priors
α|a0, b0 ∼ Γ(a0, b0), τ2|τs1 , τs2 ∼ Γ(τs1/2, τs2/2),
µb|m0,S0 ∼ Np(m0,S0), and Sb|ν,Ψ ∼ IWp(ν,Ψ),
where a0 = 10, b0 = 1, τ1 = 6.01, τs1 = 6.01, τs2 = 2.01, ν = 9, m0 = (W
TW)−1WTy,
S0 = 1, 000(W
TW)−1, Ψ−1 = S0, and W = [Jn|x] .
To obtain a simple functional form of the residual disparity estimator when of the outcome
is common, we model the survival time outcome via a Bayesian Weibull accelerated failure
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time (AFT) model. First, we estimate the Black-White disparity prior to any intervention
using model (3):
log(T ) = γ0 + γ1R + γ
T
CC + ν, (3)
where R is an indicator for non-Hispanic Black, C is a matrix of confounders, ν is the
scale parameter, and  follows an extreme value distribution. We consider the definition by
VanderWeele and Robinson (2014) for the disparity in survival between non-Hispanic Blacks
and non-Hispanic Whites prior to any intervention:
Disparity =
E[T |R = 1, c]
E[T |R = 0, c] = exp(γ1), (4)
which is the ratio of mean survival time in the Black population compared to the mean
survival time in the White population.
Due to evidence that BMI has a nonlinear effect on CRC survival (Kroenke et al., 2016;
Kocarnik et al., 2016), we allow for a q−degree polynomial effect of BMI when modeling
CRC survival. The relationship between race, BMI and CRC survival is modeled by:
log(T ) = θ0 + θ1R +
q∑
j=1
θ2jM
j +
q∑
j=1
θ3jRM
j + θT4 C + θ
T
5RC +
q∑
j=1
θT6jM
jC + ν, (5)
where M represents centered continuous BMI. We show the residual disparity (RD) in sur-
vival, as defined by VanderWeele and Robinson (2014), between Black and White individuals
after intervening to match the distribution of BMI in the Blacks to that of the Whites, for
each covariate pattern is:
E
[
THc(0)|R = 1, c
]
E [T |R = 0, c] = e
θ1+θ
T
5 c
∫
m
e
∑q
j=1(θ2j+θ3j)m
j+
∑q
j=1 θ
T
6jm
jcdPM(m|R = 0, c)∫
m
e
∑q
j=1 θ2jm
j+
∑q
j=1 θ
T
6jm
jcdPM(m|R = 0, c)
, (6)
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where Hc(0) represents a random draw from the White BMI distribution for the correspond-
ing covariate stratum. The RD formula given in (6) only requires estimation of the BMI
distribution to which the intervention normalizes this intermediate variable, which we term
the target distribution. Thus, only estimation of the White BMI density, our target distri-
bution, for each covariate stratum is necessary. The RD measure assumes 1) no unmeasured
mediator-survival confounding and 2) both the mediator and outcome models are correctly
specified. See Appendix A for the derivation of the RD formula given in (6).
We use the DPpackage R package (Jara et al., 2011) to fit the LDDP model for BMI.
To obtain posterior samples of the conditional density and cumulative density functions
(CDF) for each Markov chain Monte Carlo (MCMC) iteration of (1), we add an additional
Fortran function to the LDDPdensity.f file in DPpackage. The appended LDDPdensity.f file
and R code implementing our density regression approach are available on GitHub (Devick,
2018).To estimate the integrals in (6), we use inverse cumulative density sampling (Morgan,
1984) to draw 1,000 random samples from these conditional BMI density curves. Using model
(1), we estimate a density and CDF for a grid of 200 BMI values for all White covariate
strata. We linearly interpolate random draws of BMI from the grid. To implement the shift
in distribution of the Black BMI to match the White distribution of BMI, we use the White
density and CDF for each covariate pattern to estimate the integral in the numerator. For
each of the random samples in a particular covariate stratum, we calculate the necessary
integrand and then take the mean of these integrand samples as the estimate of the integral.
We do this for the densities and CDFs at each iteration of the MCMC to obtain posterior
samples of the residual disparity in each covariate stratum. From these posterior samples,
we calculate 95% credible intervals. We acquire posterior samples of the marginal residual
disparity by weighting the stratum specific posterior samples of the residual disparity by the
empirically estimated probability of being in a given covariate stratum. Lastly, we consider
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the percent reduction in disparity as:
Disparity Reduction(c) =
disparity − residual disparity(c)
disparity
. (7)
3 Simulation Study
3.1 Simulation Setup
We used simulation to compare the operating characteristics of the residual disparity es-
timator from our density approach to those obtained by the traditional/difference method
(Baron and Kenny, 1986), the method that assumes a linear regression model for BMI, and
the method that categorizes BMI into normal-, over-weight, class I and class II/III obe-
sity and uses a baseline category logit (BCL) regression to model categorical BMI. For the
method assuming a linear regression for BMI, we performed nonparametric inference by
simulating counterfactuals, as outlined by Imai et al. (2010). Model specification and the
residual disparity formula for the baseline category logit model can be found in Appendix
B.
We compared the operating characteristics of these estimators under four scenarios for
race-specific BMI distributions. First, we assumed that the true distribution of BMI was
normal and there was only a location shift between the BMI distributions for Blacks and
Whites. Then, we considered three additional scenarios where the difference between the
Black and White BMI distributions cannot be described as a location-scale shift. In these
later scenarios, the Black BMI distribution is normally distributed, but the target distribu-
tion, the White BMI distribution, is a generated by a mixture of normals.
We simulated M and T for K = 1, 500 subjects, letting 750 be Black (R = 1) and
750 be White (R = 0). We randomly sampled 750 values from the true underlying BMI
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distribution for the corresponding race. For the location shift only, we generated BMI values
for White subjects from a Normal(27, 3.52). The true underlying BMI distributions for the
three scenarios when the White BMI distribution was a mixture of normals are summarized
in Figure 2. For each scenario, we fixed the mean of the White BMI distribution at 27.
Since the formula for the residual disparity estimators given in (6) only requires estimation
of the target distribution, we generated Black BMI values from a Normal(29, 3.52) in all four
cases. We then simulated survival times (Ts) for each subject from:
log(T ) = θ0 + θ1R + θ2M + θ3RM + ν, (8)
where ν = 0.82,  is a random sample from an extreme value distribution, and we set to θ =
(7.56,−0.88, 0.029, 0) or θ = (7.56,−0.88, 0.029, 0.022) under no interaction and interaction
respectively. We generated random censoring times (Tc) from a Weibull distribution, such
that approximately 65% of the observed times, T =min(Ts, Tc), were censored. We truncated
the observed times if T > 1826.25 days. We simulated 500 datasets for each of the four
scenarios of true underlying BMI distributions. For each dataset, we estimated the disparity
and residual disparity (RD) for each of the three mediator models and under the difference
method. We compared the performance of these estimators between the different scenarios
of underlying distributions of BMI via root mean squared error (rMSE), bias, and standard
deviation.
In order to assess how the magnitude of the deviations from standard assumptions would
affect the relative performance of the methods under consideration, we repeated our simula-
tion when the effect sizes were doubled, θ = (7.56,−1.76, 0.058, 0) or θ = (7.56,−1.76, 0.058,
0.044), under no interaction and interaction respectively.
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3.2 Simulation Results
Table 1 shows the rMSE, bias, and standard deviation (SD) for the residual disparity esti-
mators from the LDDP, linear regression, baseline category logit models and the difference
method. The rMSE, bias, and SD values exhibit similar patterns when the θ values are mo-
tivated from CanCORS and when they are doubled. When a RM interaction exists (θ3 6= 0),
our density regression approach performs comparably to or better than the linear regression
approach. The bias is smallest when a LDDP mediator model is used, and the variance is
only slightly larger than in the linear case. As the effect size increases and the underly-
ing mediator distribution becomes less normal, larger differences among the various residual
disparity estimators emerge. Notably, when the mediator is categorized as is popular in
BMI research, and a baseline category logit (BCL) model is used, we observe large bias and
variance. The baseline category logit and the difference method estimators perform equally
badly, being about 5% worse than our proposed density regression estimator in terms of bias
and rMSE. As we expected, the most efficient method is the difference method, but this
leads to large bias when interactions and nonlinearities are present. When no interaction
is present (θ3 = 0), the four methods perform similarly. This suggest that even when more
complicated methods are not needed, our proposed density regression approach performs as
well as simpler methods in terms of rMSE.
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4 Data analysis
4.1 Study population
We obtained data from the National Cancer Institute’s CanCORS Consortium, which con-
tains detailed information from patients and physicians (Ayanian et al., 2004). The consor-
tium collected data on CRC cases in multiple regions and health care delivery systems across
the U.S. The study population consisted of non-Hispanic White and non-Hispanic Black pa-
tients enrolled between 2003 and 2005. To be eligible for enrollment as a CRC case, the study
required patients to be at least 21 years old and with newly diagnosed invasive adenocarci-
noma of the colon or rectum. The CanCORS Consortium oversampled minority groups at
several of the sites. Of the ten CanCORS centers that enrolled patients with CRC, 8 centers
collected survival data, including: Henry Ford Health System (HFHS), Kaiser Permanente
Hawaii (KPHI), Kaiser Permanente Northwest (KPNW), Northern California Cancer Center
(NCCC), State of Alabama (UAB), Los Angeles County (UCLA), North Carolina (UNC),
and Veterans Health Administration (VA). We excluded patients from Kaiser Permanente
Hawaii from our analysis due to a small number of non-Hispanic Blacks.
Patients self-reported height and weight at diagnosis of CRC during the CanCORS sur-
vey (approximately 4-6 months after diagnosis). We used these measurements to calculate
BMI, as defined by weight in kilograms divided by height in meters squared. CanCORS col-
lected stage at diagnosis information via medical record abstraction or from cancer registries,
categorized as stage I-IV according to the American Joint Committee on Cancer (AJCC)
staging criteria (Edge et al., 2010). For the purpose of the analysis, we excluded patients for
whom stage was unknown (approximately 7% of the sample).
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4.2 Models
For our CanCORS data analysis, we used survival time in months since diagnosis, and found
after restricting to 60-month survival, 62% of the Black and 70% of the White populations
were censored. We considered categorized age at diagnosis (age <50, 50-65, and >65 years),
sex (female versus male), income level (<$40k, $40-60k, $60-80k, >$80k), and stage at
diagnosis (I-IV) to be potential confounders of the BMI-survival relationship. We compared
the distribution of baseline characteristics for non-Hispanic Blacks to non-Hispanic Whites
via χ2 statistics.
In CanCORS, we estimated the Black-White disparity in CRC survival prior to interven-
tion on BMI, and the residual disparity after hypothetical intervention on the distribution
of Black BMI to match the observed distribution of White BMI using our density approach,
linear regression for BMI, BCL regression for categorical BMI, and the traditional/difference
method. Based on exploratory analyses, we allowed for a quadratic effect of BMI on CRC
survival in the LDDP, linear regression, and BCL mediator models. We calculated 95% con-
fidence intervals for the disparity, and conditional and marginal residual disparity measures
for the linear and BCL models via the bootstrap. We investigated heterogeneity in the effect
of the hypothetical intervention on Black BMI in CanCORS across covariate strata.
Motivated by Valeri et al. (2016), we conducted backwards model selection allowing for
race by age, race by sex, BMI by age, and BMI by sex interactions. We performed analyses
using the best fitting models for BMI and CRC survival in CanCORS, and compared these
results to those that did not include any of these interactions.
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4.3 Results
After we apply exclusion criteria, our sample from CanCORS consisted of 1,585 CRC pa-
tients (1,253 non-Hispanic White and 332 non-Hispanic Black individuals). Black and White
individuals differ significantly on many baseline characteristics. There are more elderly Black
individuals than White, Black patients tend to be poorer than White patients, and Black
CRC patients are less likely to survive 5 years (log rank test p=0.005).
Before any hypothetical intervention on BMI at diagnosis, we observe a significant Black-
White disparity in survival, adjusting for covariates (p = 0.023). We explore if differences
in the impact of the intervention exist across covariate strata by examining conditional RD
estimates. Figure 3 compares conclusions drawn from the BCL approach to our density
regression approach for each covariate pattern, when the AFT model does not include race-
covariate interactions. The disparity in survival estimates prior to intervention are plotted as
vertical and horizontal lines. Covariate patterns for which both methods estimate the effect
of the intervention of BMI to be harmful are in the bottom left quadrant, and points for which
both methods estimate the effect to be beneficial are in the upper right quadrant. Points in
the upper left and lower right quadrants are covariate patterns for which the two methods
lead to different conclusions about the intervention on BMI. 95% credible intervals estimated
from the density regression approach are included on the plots. We see heterogeneity in
the impact of intervention on BMI exists across subpopulations in CanCORS, as there are
covariate strata for which the intervention is beneficial and some for which the interventional
is harmful, although no differences are significant. To examine trends in the RD estimates
across covariates, we colored one plot by age categories and another by income categories.
In the CanCORS population, we find race-age interaction terms in the AFT model for
the joint effect of race and BMI on CRC survival are statistically significant (LRT p = 0.050)
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and a race-sex interaction term in the linear regression model for BMI is significant (LRT
p < 0.001). Race-age interaction terms in the AFT model for the total effect of race on CRC
survival are marginally significant (LRT p = 0.098). This suggests that age-specific dispar-
ities should be used when determining the impact of an intervention on BMI. Results from
each of the methods after re-running our analyses with these significant interaction terms
are summarized in Table 2 and Figure 4. The marginal residual disparity accounting for
race-age and race-sex interactions in Table 2 are almost identical to the estimated residual
disparity not accounting for these interactions. However, due to the large effect size of the
race-age interactions in the AFT model, we observe gaps in the stratum specific residual
disparity and disparity estimates. After allowing for race-covariate interactions, the trend is
such that the intervention is harmful for younger patients, yet beneficial for the elderly pop-
ulation. This trend is different than what we see in Figure 3, suggesting that the conditional
results can be sensitive to race-covariate interactions in the survival outcome and disparity
models. The impact of the intervention according to income categories remains robust to
model misspecification, as the ordering of the RD estimates by income categories, across age
groups, remains the same. When comparing the RD estimates in each age category to the
corresponding age category specific disparity, we see the impact of the intervention to match
the distribution of Black BMI to the distribution of White BMI is not significant for any
covariate strata.
5 Discussion
To our knowledge, this is the first study to implement a counterfactual causal inference
approach to estimate the impact of a shift in the distribution of a continuous intermedi-
ate variable of arbitrary form along the race-survival pathway in survival disparities. Our
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methodology relies on the assumptions that there are no unmeasured BMI-survival con-
founders and that our models are correctly specified.
The main conclusions of our paper are two-fold. First, we show it is not only inefficient to
categorize a mediator variable, but categorization results in more bias and variance than if
the continuous analog was used, even if the distribution of the mediator is not normal. This
is particularly important when the intermediate variable is BMI, since categorizing BMI into
well-established categories of normal-, over-weight, and obese is standard in the biomedical
literature. One way to avoid the potential for large biases in such settings is to use the
nonparametric regression methods proposed here. Second, when race-covariate interactions
exist and are not accounted for, incorrect conclusions can be drawn about the impact of
intervention on the intermediate variable in reducing race-survival disparities.
Our approach had several advantages. The density mediator model in our approach is
robust to model misspecification. This is a consequence of the BMI densities being estimated
nonparametrically for each covariate pattern. Also, even with the loss of efficiency from a
nonparametric mediator model, our simulations show the reduction in bias can outweigh any
increase in efficiency, resulting in decreases in rMSE. Our density regression approach is the
only method that allows for a arbitrary shift in the distribution of a continuous intermediate
variable, as opposed to a simple location shift. In situations in which there are unmeasured
variables, which when marginalized over lead to complex, multi-model distributional forms
for the mediator, or when the sample size is insufficient to stratify on all observed variables
that would reduce the potential for such complex distributions, our proposed methodology
allows the distribution of the mediator to be flexible.
There are limitations to our analysis. Since the data are sparse, race by income inter-
actions were not considered and additional covariates were not added to our models. Thus,
estimates could be biased due to residual confounding. Although, our methods are robust to
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the exclusion of covariates in which omission results in a non-normal distribution of the me-
diator, since conditional densities are estimated nonparametrically. In the case of our data
application to CanCORS, we only have a slightly right tailed distribution of BMI, which
does not deviate enough from a normal distribution to see significant differences between
RD estimates from the various approaches in our results. For some covariate strata, the
White BMI distribution is less advantageous to the Black BMI distribution; therefore, the
universal intervention of matching the Black mediator distribution to the White mediator
distribution may not be the best intervention when BMI is considered as the intermediate
variable. Even though CanCORS contained individual level income, due to low numbers of
Black individuals in higher income categories, we needed to the use crude income categories.
Ideally, we would have data on BMI one year after diagnosis of CRC in addition to BMI at
diagnosis of CRC, so individual trajectories of weight loss/gain could be considered. The
major limitation in our analysis is the small number of non-Hispanic Blacks included in
CanCORS after applying exclusion criteria (n=332).
Further study is needed to more thoroughly understand the relationship between race-
survival and moderating factors. Methods that consider weighting approaches will allow for
more covariates and interactions to be included in the analysis. Extensions to our approach to
allow for dependence between the mediator and outcome models will be considered in future
research. In this paper, we consider the universal shift in the distribution of a continuous
intermediate variable in each covariate stratum that matches the distribution of the mediator
in the Black population to that of the White population. Future research could implement
different interventions across covariate strata and/or consider interventions on both the Black
and White intermediate variable distributions.
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Appendix
A General residual disparity formula derivation
The general formula to estimate the residual disparity in covariate stratum c for any mediator
model, assuming (A.1) holds, is (A.2). This formula allows for all possible race-covariate
interactions, mediator-covariate interactions, and a possible q-degree polynomial effect of
the mediator (M) on survival.
log(T ) = θ0 + θ1R +
q∑
j=1
θ2jM
j +
q∑
j=1
θ3jRM
j + θT4 C + θ
T
5RC +
q∑
j=1
θT6jM
jC + ν (A.1)
ET (THc(0)|R = 1,C = c) represents the expected survival time for a Black individual with
covariate levels c if their BMI at diagnosis of colorectal cancer had been set to a random
draw from that of the white BMI distribution with covariate levels c.
ET (THc(0)|R = 1,C = c)
=
∫
m
ET (Tm|R = 1, Hc(0) = m,C = c)dPHc(0)(m|R = 1, c)
=
∫
m
ET (Tm|R = 1,C = c)dPHc(0)(m|R = 1, c)
=
∫
m
ET (T |R = 1,M = m,C = c)dPM(m|R = 0, c)
=
∫
m
ET
[
eθ0+θ1+
∑q
j=1(θ2j+θ3j)m
j+(θT4 +θT5 )c+
∑q
j=1 θ
T
6jm
jc+ν
]
dPM(m|R = 0, c)
=
∫
m
eθ0+θ1+
∑q
j=1(θ2j+θ3j)m
j+(θT4 +θT5 )c+
∑q
j=1 θ
T
6jm
jcET [ν] dPM(m|R = 0, c)
= eθ0+θ1+(θ
T
4 +θ
T
5 )c
∫
m
e
∑q
j=1(θ2j+θ3j)m
j+
∑q
j=1 θ
T
6jm
jcdPM(m|R = 0, c)
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ET (Tm|R = 0,C = c)
=
∫
m
ET (Tm|R = 0,M = m,C = c)dPM(m|R = 0, c)
=
∫
m
ET (Tm|R = 0,C = c)dPM(m|R = 0, c)
=
∫
m
ET (T |R = 0,M = m,C = c)dPM(m|R = 0, c)
=
∫
m
ET
[
eθ0+
∑q
j=1 θ2jm
j+θT4 c+
∑q
j=1 θ
T
6jm
jc+ν
]
dPM(m|R = 0, c)
=
∫
m
eθ0+
∑q
j=1 θ2jm
j+θT4 c+
∑q
j=1 θ
T
6jm
jcET [ν] dPM(m|R = 0, c)
= eθ0+θ
T
4 cET [e
ν]
∫
m
e
∑q
j=1 θ2jm
j+
∑q
j=1 θ
T
6jm
jcdPM(m|R = 0, c)
RD(c) =
E
[
THc(0)|R = 1, c
]
E [T |R = 0, c] = e
θ1+θ
T
5 c
∫
m
e
∑q
j=1(θ2j+θ3j)m
j+
∑q
j=1 θ
T
6jm
jcdPM(m|R = 0, c)∫
m
e
∑q
j=1 θ2jm
j+
∑q
j=1 θ
T
6jm
jcdPM(m|R = 0, c)
(A.2)
B Residual disparity formula for BCL mediator model
Now, let us categorize our mediator (M) into K + 1 categories. Consider the following
baseline category logit (BCL) mediator model (B.1) and AFT Weibull outcome model (B.2):
log {P (M = k|R,C)/P (M = 0|R,C)} = β0k + β1kR + βT2kC + θT3kRC (B.1)
log(T ) = θ0 + θ1R +
K∑
k=1
θ2kMk +
K∑
k=1
θ3kRMk + θ
T
4 C + θ
T
5RC +
K∑
k=1
θT6kMkC + ν, (B.2)
where Mk is an indicator that the mediator value is in category k. Under these models, the
residual disparity estimator for a particular covariate pattern c is:
E
[
THc(0)|R = 1, c
]
E [T |R = 0, c] = e
θ1+θ
T
5 c
{
1 + eβ01+β
T
21c+θ21+θ31+θ
T
61c + . . .+ eβ0K+β
T
2Kc+θ2K+θ3K+θ
T
6Kc
1 + eβ01+β
T
21c+θ21+θ
T
61c + . . .+ eβ0K+β
T
2Kc+θ2K+θ
T
6Kc
}
.
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Figure 1: Marginal non-Hispanic Black and non-Hispanic White BMI distributions observed
in CanCORS.
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Figure 2: True distributions of BMI under three cases of our simulations. The location shift
only case is represented by dashed lines.
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Table 1: Simulations results when there is an interaction is present (θ3 6= 0), when values are
motivated from CanCORS, and effect sizes are doubled. Root mean squared error (rMSE),
bias, and standard deviation (SD) of the residual disparity estimators under LDDP, linear,
baseline category logit (BCL) mediator models and the difference method for 3 different cases
of true underlying White BMI distribution is right tailed (RT), binomial (Bi), or trinomial
(Tri).
Mediator Model
θ = (7.56,−0.88, 0.029, 0.022) θ = (7.56,−1.76, 0.058, 0.044)
RT Bi Tri RT Bi Tri
rMSE
Density 0.076 0.079 0.083 0.112 0.149 0.158
Linear 0.077 0.083 0.088 0.111 0.155 0.168
BCL 0.078 0.094 0.095 0.122 0.194 0.209
Traditional 0.079 0.088 0.094 0.141 0.203 0.229
Bias
Density -0.032 -0.034 -0.034 -0.076 -0.115 -0.124
Linear -0.038 -0.047 -0.051 -0.075 -0.127 -0.141
BCL -0.026 -0.059 -0.056 -0.069 -0.165 -0.175
Traditional -0.041 -0.053 -0.061 -0.120 -0.187 -0.214
SD
Density 0.068 0.072 0.076 0.082 0.095 0.098
Linear 0.067 0.069 0.072 0.082 0.089 0.091
BCL 0.074 0.074 0.077 0.101 0.102 0.114
Traditional 0.067 0.070 0.072 0.075 0.079 0.081
Table 2: Marginal and age category specific disparity and residual disparity estimates for
best fitting mediator and outcome models. Disparities estimates are from a frequentist AFT
model fit, adjusting for covariates and allowing for a race-age interaction. Residual Disparity
measures are estimated from a LDDP, linear, and baseline category logit meditator model.
The best fitting model for BMI included a race-sex interaction and the best fitting survival
model included race-age interactions.
Estimate (95% CI) marginal age < 50 50 ≤ age < 65 65 ≤ age
Disparity 0.83 (0.71, 0.98) 0.64 (0.47, 0.87) 1.00 (0.81, 1.46) 0.83 (0.64, 1.09)
RD Density 0.86 (0.73, 1.03) 0.61 (0.45,0.84) 1.02 (0.79,1.37) 0.84 (0.67,1.09)
RD Linear 0.82 (0.70, 0.97) 0.61 (0.45, 0.83) 1.08 (0.77. 1.38) 0.84 (0.65, 1.10)
RD BCL 0.85 (0.72, 1.03) 0.61 (0.46, 0.83) 1.00 (0.76, 1.33) 0.86 (0.67, 1.13)
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Figure 3: Residual disparity estimates from the BCL regression approach compared
to our density regression approach, without considering potential race×covariate and
BMI×covariate interactions. Each point represents the residual disparity for a particular
covariate pattern. Estimated disparity in survival prior to intervention are plotted as ver-
tical and horizontal lines. 95% credible intervals from our density regression approach are
depicted in the figure.
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Figure 4: Residual disparity estimates from the BCL regression approach compared to our
density regression approach for the best fitting mediator and outcome models. The best
fitting model for BMI included a race-sex interaction and the best fitting survival model
included race-age interactions. Each point represents the residual disparity for a particular
covariate pattern. Estimated disparity in survival for each age group prior to intervention
are plotted as vertical and horizontal lines.
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